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PRIMITIVE STABLE REPRESENTATIONS IN HIGHER 
RANK SEMISIMPLE LIE GROUPS 

INKANG KIM AND SUNGWOON KIM 


Abstract. We define primitive stable representations of free groups 
into higher rank semisimple Lie groups and study their properties. Let 
S be a compact surface with one boundary component. Then we show 
that the holonomies of convex projective structures on S are primitive 
stable. Furthermore we prove that all positive representations of S in 
PGL(n, R) are primitive stable. In PGL(3, R) case, we prove the uniform 
regularities of positive representations. 


1. Introduction 

Recently, much attention has been paid to the generalization of convex 
cocompact groups in rank one symmetric spaces to higher rank symmetric 
spaces. The successful story along this line is Anosov representations intro¬ 
duced by Labourie |14| and developed further by Guichard and Wienhard 
|9j. In recent papers of Kapovich-Leeb-Porti, more geometric criteria for 
Anosov representations are given. Among those properties, the concept of 
Morse actions of word hyperbolic groups is outstanding |12| . On the other 
hand, Minsky |20| proposed the notion of primitive stable representations in 
real hyperbolic 3-space. We combine these notions to give the set of prim¬ 
itive stable representations of free groups into higher rank semisimple Lie 
groups. See mm for criteria of primitive stability for handlebodies and 
its generalization to compression bodies in the case of PSL(2,C). 

Let G be a higher rank semisimple Lie group without compact factors, X 
the associated symmetric space, and T a free group of n-generators. Then 
a notion of primitive stable representations into higher rank semisimple Lie 
groups can be defined by using either Kapovich-Leeb-Porti ’s m Definition 
7.14] or Gueritaud-Guichard-Kassel-Wienhard’s [8] Theorem 1.3]. Any of 
two results would give an equivalent definition. In this paper we will use the 
concept of Morse quasigeodesics in [12 j . We define a representation p : T —» 
G to be primitive stable if any bi-infinite geodesic in the Cayley graph of T 
defined by a primitive element is mapped under the orbit map to a uniformly 
Morse quasigeodesic in X. Let VS(T,G) be the set of conjugacy classes of 
primitive stable representations. We study their stability and properness 
of the action of the outer automorphism group Out(Y) of T. Indeed, the 
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openness of VS (F, G) directly follows from the stability of the Morse property 
in m Section 7]. Furthermore it easily follows from the argument of Minsky 
[20j that the action of Out(Y) on VS(Y, G ) is properly discontinuous. Hence 
one easily has the following. 

Theorem 1.1. Let T be a free group and G a semisimple Lie group without 
compact factors. Then the set VS(T,G) of primitive stable representations 
is open in the character variety XfT ,G) of T in G, and the action of the 
outer automorphism Out(T) ofT on VS(T,G) is properly discontinuous. 

From the definition of primitive stable representation, it is clear that any 
Anosov representation is primitive stable. The main point of the paper is to 
give the concrete examples of primitive stable representations which are not 
Anosov representations. Here are our main theorems. 

Theorem 1.2. Let X be an orient.able, connected, compact surface with one 
boundary component. Then the holonomy representations of convex projec¬ 
tive structures on X are primitive stable. 

There are three kinds of the holonomies of convex projective structures; 
Anosov representations, Positive representations and Quasi-hyperbolic rep¬ 
resentations. The holonomies of convex projective structures with hyper¬ 
bolic geodesic boundary are Anosov and positive representations, and the 
holonomies of convex projective structures of finite Hilbert volume with 
cusps are positive but not Anosov representations. Every quasi-hyperbolic 
representation, a representation whose boundary curve is quasi-hyperbolic, 
admits an equivariant continuous map <9 00 7ri(X) —>• Flag(<7 mo d). But the map 
is not antipodal due to the geometric property of quasi-hyperbolic isometry. 
See Section [5] for details. Hence quasi-hyperbolic representations are nei¬ 
ther Anosov representations nor Positive representations. However it turns 
out that they are primitive stable. Theorem 11.21 gives examples of primitive 
stable representations which are neither Anosov nor positive. 

Looking at the case of PGL(3,R), we explore further that positive repre¬ 
sentations in PGL(n,R) are primitive stable. First of all, we prove that 

Proposition 1.3. Every positive representation inPGL(n, R) is a mo d-regular. 

For the definition of <7 mo d-regular representation, see Section f2~3l Proposi¬ 
tion [T73] has been unknown for positive representations which are not Anosov 
representations. If a representation is not Anosov, it is not easy to check its 
regularity. Given a boundary embedded representation, we find out how to 
see their regularities. Here a boundary embedded representation means a 
representation p : T —>• G for a (relatively) hyperbolic group T which ad¬ 
mits a p-equivariant homeomorphism £ : SotT —>• G/P for some parabolic 
subgroup P of G. For more details, see Section [TJ In particular we prove a 
stronger result in the PGL(3, R)-case. 

Theorem 1.4. Every positive representation in PGL(3, R) is uniformly amod- 
regular. 

Note that the holonomies of convex projective structures with quasi- 
hyperbolic elements are not uniformly cr mo rf-regular (see Lemma 18.21) . Both 
Proposition 11.31 and Theorem 11.41 might be important in studying the notion 
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of relatively Anosov representations in future since positive representations 
with unipotent elements are regarded as important examples in developing 
a notion of relatively Anosov representation. 

To prove that a representation is cr m0( i-primitive stable, the cr m 0 ( i-regularity 
for all primitive bi-infinite gedesics is necessary (see Definition 12. ID . Proposi¬ 
tion 11.31 implies that every positive representation satisfies this property. In 
the case of a compact surface with one boundary component, we prove the 
following theorem by combining Proposition 11.31 with the blocking property 
of the one boundary component in |20| . 

Theorem 1.5. Let E be an orientable, connected, compact surface with one 
boundary component. Then every positive representation from vri(E) into 
PGL(n, M) is a mo d-primitive stable. 

From Theorem 11.11 and Theorem 11,51 we have the following corollary im¬ 
mediately. 

Corollary 1.6. Let T be a non-abelian free group. Then there is an open 
subset o/T(r,PGL(n,M)) ; strictly larger than the set of Anosov representa¬ 
tions, which is Out(T)-invariant, and on which Out(T) acts properly discon¬ 
tinuously. 


2. Preliminaries 

In this section, we describe basic notions and results that are necessary to 
define and study primitive stable representations in higher rank semisimple 
Lie groups. 

2.1. Free group, primitive element and Whitehead Lemma. Given 
a generating set S = {si,..., of a non-abelian free group T, the Cayley 
graph C(r, S) is a 1 -dimensional tree whose vertices are words in S, and two 
words v and w are connected by a length one edge if and only if v = wsi for 
some Si € S. A group T acts on its Cayley graph on the left, i.e. for 7 € T, 

( 7 , w) —>• 7 'tr. 

This action is an isometry since for any s in S 

d{w, v ) = d(sw, sv). 

An element of T is called primitive if it is a member of a free generating set. 
Each conjugacy class [u>] in T determines uJ, the periodic word determined by 
concatenating infinitely many copies of a cyclically reduced representative of 
w. A cyclically reduced word w defines a unique invariant line w through the 
origin e in the Cayley graph. Each w lifts to a T-invariant set of bi-infinite 
geodesics in C(T, S). Indeed, this invariant set is the orbit of w under the 
action of T. 

Let V denote the set consisting of w for conjugacy classes [rc] of primitive 
elements of T and V the set of all bi-infinite geodesics q : Z —>• T in C(T, S) 
lifted from w for all primitive elements w in T. Let B be the set of all bi¬ 
infinite geodesics in the Cayley graph of T. Then V is the smallest closed 
Ont(T)-invariant subset of B. It is known that V is a strict subset of B. 

For a word 7 E T, the Whitehead graph Wh{p/,S) is the graph with 2 n 
vertices labeled si, sj -1 ,..., s n , s “ 1 , and edge from v to w ; -1 for each string 
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vw that appears in 7 or in a cyclic permutation of 7 . Whitehead proved that 
for a cyclically reduced word 7 , if Wh{^, S) is connected and has no cutpoint, 
then 7 is not primitive. We refer the reader to mm for more information. 
One says that a reduced word 7 is primitive-blocking if it does not appear as a 
subword of any cyclically reduced primitive word and blocking if some power 
7” 1 is primitive-blocking. An immediate corollary of the Whitehead lemma 
is that for a once-punctured surface, the cusp curve c is blocking. Indeed c 2 
cannot appear as a subword of any primitive element, since Wh(c 2 ,S ) is a 
cycle [ 20 ]. 

2.2. Cartan decomposition. Let a be the set of real diagonal n x n ma¬ 
trices with trace 0 and a + be the set of elements of a whose entries are 
in nonincreasing order. Let G = SL(n,M) and K = SO(n). Then the 
Cartan decomposition iL(expa + )/t means that each g £ G can be written 
g = fc(exp y(g))k' for some k, k' £ K and a unique g(g) £ ci + . A Cartan 
projection 

H : G -A a + 

is defined as the map sending g € G to g{g). 

2.3. Morse quasigeodesic. Let G be a semisimple Lie group without com¬ 
pact factors and K be a maximal compact subgroup of G. Let X be the 
associated symmetric space of noncompact type. Let dooX denote the visual 
boundary of X. Let W be the Weyl group acting on a model maximal flat 
F moc i = M r of X and on the model apartment a mo d = <9oo Fmod = S r ~ 1 where 
r is the real rank of G. The pair ( a mo d , W) is the spherical Coxeter complex 
associated with X. Then the spherical model Weyl chamber is defined as the 
quotient (J mo d = a-mod/W. The natural projection 6 : d^X —>• a mo d restricts 
to an isometry on every chamber a C dooX. For a chamber a £ d^X and 
a point x € X, the Weyl sector V(x, a) is defined as the union of rays ema¬ 
nating from x and asymptotic to a. The Euclidean model Weyl chamber A 
is defined as the cone over a mo d with tip at the origin. 

For two points x,y £ X, the A-valued distance d\{x,y) is defined as 
follows: Choose a maximal flat F containing x and y. Identifying F isomet- 
rically with F mo d , regard x and y as points in F mo d . Then d&(x, y) is defined 
by 

dA{x, y) = proj(y — x) £ A 

where proj : F mo d —>• F mo d/W = A is the quotient map. The resulting 
A-valued distance d^ix^y) does not depend on the choices of F. Indeed if 
we normalize K to be the stabilizer of x, and V(x,a mo d) to be a + , then 
for any g £ G with a Cartan decomposition A'(expa + )A", d/\(x,gx ) can be 
identified with the Cartan projection p(g). For more details on d&, see [llj. 

Let dxitsX be the Tits boundary of X. For a simplex r C dxitsX , st(r) 
is the smallest subcomplex of dxitsX containing all chambers a such that 
r C a. The open star ost(r) is the union of all open simplices whose closure 
intersects int(r) nontrivially. For a face T mo d of the model Weyl chamber 
amod, ost (T mo d) denotes its open star in (T mod . A point £ £ dxitsX is called 
Tmod-xegular if 0(£) £ ost(r mo ^) where 6 is the type map defined as the 
canonical projection map 

6 : dooX —y dooX/G = cr mo d. 
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If 0(£) € 0 for a compact set 0 C ost(r mo d), then £ E d^X is said to be 
Q-regular. A geodesic segment xy is called Q-regular (resp. T mod -regular) if 
it is contained in a geodesic ray x £ with £ ©-regular (resp. T mo d-regular). A 
0-star of a simplex r of type r mod is st@(r) = st(r) H 0 _ 1 (0). Then the 0- 
cone V’(x,ste(r)), which is a union of geodesic rays from x and asymptotic 
to st©(r), is convex in X. For more information, see [T21. Section 2 ]. 

Definition 2.1 (r mo d-regularity, jl2j). A sequence g n — >• oo in G is T mod - 
regulai if for some (hence any) x E X, 

d(dA(x,g n x),V(0,cr mod - ost {r mod ))) ->• +oo as n ^ oo. 

We also say that a sequence (x n ) is r mod -regular if for some (hence any) 
x E X, the above condition is satisfied. 


A 0 -diamond of a 0-regular segment xy is 

Oe(x,y) = V(x, st 0 (r_|_)) n I/( 7 /,st 0 (r_)) 

where t + is a unique simplex t of type T mod such that the geodesic ray x£ 
containing xy lands on st(r) and r_ is similarly defined. 

Definition 2.2 (Morse quasigeodesic, [12l]). A continuous map p : I —>• X is 
called an (L, A, 0, D)-Morse quasigeodesic if it is an (L. A)-quasigeodesic and 
for all ti,t -2 E I, the subpath p\\t lt t 2 ] is D-close to a ©-diamond 0 e(^i,^ 2 ) 
with d(xi,p(ti)) < D where 0 is i-invariant T m 0 ( i-convex compact set and 
t(' Tmod ,) = T mod . Here l is — wq and rco is the longest element of the Weyl 
group. 

2.4. Frenet curves. A curve £ : S ' 1 —» P(R n ) is said to be hyperconvex if 
for any distinct points (aq,..., x n ) the sum 

£(xi) H-h£(x n ) 

is direct. A hyperconvex curve £ : S 1 —> P(M n ) is said to be a Frenet curve, 
if there exists a curve (£ 1 ,£ 2 ,... ,£ n_1 ) defined on S 1 , called the osculating 
flag curve, with values in the full flag variety such that for every x E S 1 , 
£(x) = £ 1 (x), and moreover 

• For every pairwise distinct points [x\,...,Xk) in S 1 and positive 
integers (rii,..., n^) such that 

k 

Y,m<n, 

i=1 

then the sum 

£ ni (xi ) + ---+£ nfc (*fe) 

is direct. 

• For every x in S ' 1 and positive integers (rai,..., rife) such that 

k 

m = ^2 ni < n, 
i— 1 

then 

(i) , um (0n»)] =m 

(2/1,-,2/fe)^, \r\ I 

yi all distinct x / 
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Labourie m showed that every Hitchin representation admits an equivari- 
ant hyperconvex Frenet curve and Fock-Goncharov showed that a positive 
representation admits an equivariant osculating Frenet curve m Theorem 
9.4). 

2.5. Positive representations. The notion of positive representations has 
been introduced by Fock and Goncharov [3J. Let G be a real split semisim¬ 
ple Lie group with trivial center, B a Borel subgroup, U = [B , B] maximal 
unipotent group, and Flag(<T mo d) = G/B full flag variety. Lusztig (TS] intro¬ 
duced the notion of totally positive elements. A real matrix is totally positive 
if all its minors are positive. Let B± be opposite Borel subgroups and 
corresponding unipotent groups. Denote the set of totally positive elements 
of U + by C/ + (M>o). A configuration of flags (B i,... , B *.) is positive if it can 
be written as 

(■ B + , B ~, (ui)B~, ( u 1 u 2 )B ",... ) 

where Ui € C/ + (M>o). A configuration of k real flags (F \,..., i 7 ).) in P(M n ) 
is positive if there exists a smooth convex curve £ such that the flag F % is 
an osculating flag at a point Xi € £ and the order of the points x±,... ,x^ is 
compatible with an orientation of £. 

Let S be a compact oriented surface with (possibly) boundary and neg¬ 
ative Euler number. A finite volume hyperbolic metric on E is admissible 
if the completion of E is a surface with totally geodesic boundary compo¬ 
nents and cusps. The boundary at infinity 9 00 7 Ti(E) p of E with p cusps is 
the boundary at infinity of the universal cover E of E equipped with some 
admissible metric on E. Then the set 3 00 7 ri(E) p has a cyclic ordering on 
points depending on the orientation of E. For the representation p of an 
admissible hyperbolic metric on E, the set d 00 iri(Yi) p is identified with the 
limit set of p( 7 Ti(E)). For more detail, see [l7 : : , Section 2]. 

A continuous map 

£ • <9oo7Ti (t Flag((T moc () 

is positive if for any positively oriented /c-tuple in 9 oo 7 ri(E) p , (x\,... ,Xk), 
their images (£(xi),..., £(xjt)) is a positive configuration of flags. A represen¬ 
tation p : 7 Ti(E) -a G is called positive if there exists a positive p-equivariant 
continuous map £ : 3 00 7 ri(E) p —>• Flag(<r mo d) for some p. We list the proper¬ 
ties of positive representations p : 7 Ti(E) —>• G in [3]. 

( 1 ) p is discrete and faithful. 

( 2 ) p(j) is positive hyperbolic for any non-peripheral loop 7 , i.e., conju¬ 
gate to an element of G(M>o). 

Property (2) implies that p(y) has attracting and repelling fixed points in 
Flag(cr mo d). 


3. Primitive stable representations 

In this section, we give a definition of primitive stable representations and 
explore a necessary and sufficient condition for a representation to be a mod- 
primitive stable. Given a representation p : T —>• G and a basepoint x € X, 
a p-equivariant orbit map r PtX : C(T,S) —> X is defined by r PjX (w) = w ■ x. 
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Now we are ready to define a notion of primitive stable representations into 
higher rank semisimple Lie groups. 

Definition 3.1. A representation p : T —>• G is T mo d-primitive stable if there 
exist constants L,A,D and a compact set 0 C ost(r mo rf) for some face T mo d 
of the model Weyl chamber cr mo d and a basepoint x € X such that the orbit 
map Tp X takes all leaves of V to (L, A, 0, ZD)-Morse quasigeodesic. 

From now on we focus on < 7 mo d-primitive stable representations in PGL(n, R). 
We will say that V is cr mo d-regular for p if t PjX (w) is <7 mo d-regular for any 
primitive w. Then we can get a necessary and sufficient condition for a 
representation to be CT mo rf-primitive stable as follows. 

Proposition 3.2. Let p : T —>• PGL(n,R) be a discrete representation of 
a free group T. Then p is a mo d-primitive stable if and only if the following 
hold: 

(i) For every primitive word w, its image p(w) is diagonalizable over R 
with eigenvalues that have pairwise distinct norms. 

(ii) There is a uniform constant E such that t P:X (u) remains at a bounded 
distance E from a unique maximal flat connecting the attracting and 
repelling Weyl chambers at infinity of p{Co) for every Co € V. 

(iii) V is a mo d-regular for p. 

Proof. First suppose that p is (J mo rf-primitive stable. Then (i) and (iii) im¬ 
mediately follow from the definition of primitive stable representations as 
follows. For (i), let lin^^-i-oo p(w n )xQ —» and be two opposite Weyl 
chambers containing Then p(w) fixes hence leaves invariant the 
maximal flat F connecting a^. By conjugating, we may assume that p{w) 
stabilizes a standard flat spanned by diagonal matrices and cr^ = ±a + (oo). 
Then using the Cartan decomposition p(w) = sexp(p)t, to fix <7 , it is easy 
to see that t = s = id and p € a + . By <r mo d-regularity, it is easy to see that 
the entries of p are all distinct. The property (iii) follows from the definition. 

Furthermore, since T PtX maps all bi-infinite geodesics of V to (L, A, 0, D )- 
Morse quasigeodesics, for any Co € V its orbit l = t PjX (Co) remains within 
a distance E = E(L, A, D ) from the unique maximal flat F connecting the 
attracting and repelling Weyl chambers at infinity of p{uf). This can be 
seen as follows. Choose t t , Sj so that \fi — Sj| —» oo and that Iftf) and l{sf) 
converge to points in attracting and repelling Weyl chambers of p(w). By 
the definition of (L, A, 0, D)-Morse quasigeodesic, the segment [l(U), Z(sj)] 
is ZD-close to a 0-diamond 0 @(xi,yi). Then it is obvious that as i —>• oo, 

0 &(xi,yi) converges to F. Then using the quasigeodesic constant L, A, it is 
easy to see that l = t P)X (Cj) remains within a distance E = E(L, A, D ) from 
the unique maximal flat F for some constant E depending only on L, A and 
D. Hence (ii) also follows. 

Conversely, assume that (i), (ii) and (iii) hold for a representation p. The 
proof follows rather easily by the work of Kapovich, Leeb and Porti in [12]. 
We here give a proof based on [12]. First the discreteness of p makes it 
possible that the distance between orbit points of V can be bounded below 
in terms of the word length on the Cayley graph of T. Hence for any Ci > 0, 
there exists a constant R\ = R\(p,x) > 0 such that for all 7,77 E T that are 
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elements on bi-infinite geodesics in V , 

if |7 -1 ?7| > Ri, then d x (p('y)x, p(rj)x) > C 1 . 

Let q : Z —> T be a bi-infinite geodesic in V. For notational easiness, we 
denote p(q(m))x by q(m)x. Any action of T should be understood via p. 
Then dx{q(m)x,q(m + n)x) > C\ for n > R\ and any m € Z. Also note 
that by triangle inequality 

ra+n—1 

(2) dx(q(rn)x, q(m + n)x) < d x (q(k)x, q(k + l)x) < Ln, 

k=m 

where L = max^gs d x (x , sx) over a hxed generating set S of T. This shows 
that for any given no, for any m, the segment from q(m)x to g(m. + no)x can 
be regarded as a (L, A)-quasigeodesic if we choose A large enough. 

Consider the nearest point projection q(n) of q{n)x to J r (cr+, <r_) where o + 
and cr_ are the unique attracting and repelling flags for p(q), and J r (<7 + ,iT_) 
is the unique maximal flat connecting two opposite flags <7_|_ and <r_. Note 
that (i) guarantees for the existence of such attracting and repelling flags for 
p(q). By (ii), the orbit qx of a bi-infinite geodesic q remains at a bounded 
distance D from Using the triangle inequality 

\dA{x,y) - d A {x',y')\ < d x (x,x') + d x {y,y'), 

we have that 


\d A (q{rn)x , q(n)x) - d A (q(m ), q(n))\ 

< dx{q(m)x,q(m)) + dx(q(n)x, q(n)) < 2D 

Furthermore V is cr morf -regular by (iii) and thus, for any given C 2 > 0 there 
exists a uniform constant R 2 = R’lip^ C 2 ) such that 

d(d A (x,r]x),dA) > C 2 

for any word p with \rj\ > R 2 that is on some bi-infinite geodesic in V. Note 
that 

d A (q(m)x, q(m ± n)x) = d A (x, q^ 1 (m)q(m ± n)x). 

Hence these two inequalities above make it possible to choose a uniform 
constant no = no(p,x ) such that 

q(m ± n) € V ( q(m),a±) 

for all m E N and n > no- This implies that if 7713 — m 2 , m 2 — m± > no, then 

d A (q(mi),q(m 2 )) + d A (q(m 2 ), q{m 3 )) = d A (q(mi), q{m 3 )). 

Since there are only finitely many elements with word-length no, there exists 
a compact Weyl convex subset 0 C int(a mo d) depending on p and x such 
that the segment q(n)q(n + no) are 0-regular for all q € V and n € N. The 
additivity of A-distance implies that q and hence qx are (.L , A, 0, D, S^-local 
Morse quasigeodesic by taking A and S large enough once no is fixed. Then 
q is an (L', A',Q', D')- Morse quasigeodesic for some uniform constants L' , 
A! and D' independent of q (see Section ED- This completes the proof. □ 
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4. Proof of Theorem O 

Theorem 11.11 follows from the works of Kapovich-Leeb-Porti and Minsky. 
For reader’s convenience, we recall their works and then sketch a proof briefly. 

4.1. Openness. The openness of primitive stable representations follows 
from the property that a local Morse quasigeodesic is a global quasigeodesic. 
An (L, A, O, D, S')-local Morse quasigeodesic in A is a map p : I —>• X such 
that for all t G I, the subpath p\ \t ; t+S] is an (A, A, 0, D)-Morse quasigeodesic. 
It is shown in m Theorem 7.18] that for L, A, 0, 0', D with 0 C int(0 / ), 
there exist S,L',A',D' such that every (L, A,Q, D, S )-local Morse quasi¬ 
geodesic in X is an (L', A',Q', D ')~Morse quasigeodesic. 

Let p : r —>• G be a primitive stable representation. Fix a word metric on 
the Cayley graph of a group F and consider the orbit map for a fixed base 
point i£l, Then there exist constants ( L , A, 0, D ) such that any bi-infinite 
geodesic defined by a primitive element is mapped to an (L, A, 0, D)-Morse 
quasigeodesic satisfying strict inequalities. Then for any S > 0, every primi¬ 
tive bi-infinite geodesic is mapped by the orbit map to a (L, A, 0, D , 5)-local 
Morse quasigeodesic. It is not difficult to see that this still holds for all repre¬ 
sentations sufficiently close to p. Furthermore noting that local Morse quasi¬ 
geodesics are global Morse quasigeodesic, it follows that all representations 
sufficiently close to p map primitive bi-infinite geodesics to (L', A ', 0', D')- 
Morse quasigeodesics under the orbit map, i.e., they are primitive stable. 
We refer the reader to E21 Section 7] for more detailed proof about this. 

4.2. Properness of the action of Ouf(r). This follows from the similar 
argument of Minsky |20j. Just for completeness we give an outline. By the 
definition of primitive stability of p, there exists r = r(p) > 0 such that for 
wGT, 

r||u;|| < t p (w), 

where t p (w ) is a translation length of p(w), and 

||u>|| = inf \qwq~ 1 \ 

" ger y y 1 

is the inhmurn of the word lengths among its conjugates with respect to a 
fixed generators. By triangle inequality, 

t p {w ) < 7?||rc|| 

for R depending on p. Hence once a compact set C in the set of primitive 
stable representations is given, there exist uniform r and R on C. Hence if 
[4>] € Out(T) satisfies [<J>](C) flC/0, then for [/?] in this intersection 

||3>0)|| < < ^|M|. 

But it is shown that such [<I>] is a finite set [20] . 

5. Convex projective structures 

A convex projective structure on a surface £ is a representation of £ as a 
quotient /T where Q is a convex domain in RP 2 and T is a discrete subgroup 
of PGL(3,M) acting properly and freely on Q. Note that the set of convex 
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projective structures on a surface is strictly bigger than the set of positive 
representations of the surface. 

Let S be a compact surface with 6 boundary components. According to 
Goldman, the space T(X) of convex real projective structures on X with ge¬ 
odesic boundary is of dimension —8y'(X). Here the boundary is assumed to 
be represented by closed geodesics each having a geodesically convex collar 
neighborhood. When each boundary component of X is required to be para¬ 
bolic, the projective structures become strictly convex projective structures 
of finite Hilbert volume. The dimension of such a space is —8y(X) — 26. 

The holonomy representations of convex projective structures with geo¬ 
desic boundary are all Anosov representations and hence primitive stable. 
The natural question arises whether general convex projective structures on 
X are primitive stable. 

According to the classification of isometries of PGL(3, M) acting on a prop¬ 
erly convex domain Q C MP 2 , if id is not a triangle, we have the following 
cases. See |19] for details. 

(1) Hyperbolic : the matrix is conjuagate to 

where A + > A 0 > A - > 0 
’ and A+A°A- = 1. 

(2) Quasi-hyperbolic : the matrix is conjugate to 

a 1 0 

0 a 0 
0 0/3 

(3) Parabolic : the matrix is conjugate to 

'l 1 O' 

Oil. 

0 0 1 


where a, (3 > 0, a 2 /3 = 1 
’ and a, f3 ^ 1. 


A+ 0 0 

0 A 0 0 
0 0 A“ 


(4) Elliptic : the matrix is conjugate to 


1 0 0 
0 cos 9 — sin 9 
0 sin 9 cos 9 


where 0 < 9 < 2n. 


The axis of a (quasi)-hyperbolic isometry, which is a segment connecting 
the eigenvectors p~,p + corresponding to A _ ,A + (f3,a for quasi-hyperbolic 
case) eigenvalues, can lie on <912. In such a case, 12 is not strictly convex. 
The point corresponding to A 0 is outside 12 for hyperbolic isometry and the 
line corresponding to the eigenvalue a is outside If for quasi-hyperbolic case. 
This line is one of two tangent lines of II at p + . The tangent line of II at p~ 
contains the axis of the quasi-hyperbolic isometry. See m- By this reason, 
the limit curve from <9 oo7Ti (X) to the flag variety does not satisfy the positivity 
at two points p±. Hence the corresponding holonomy representation is not 
positive. 

We first look into the regularities of convex projective structures. 
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5.1. Regularities of convex projective structures. If a discrete sub¬ 
group of a seimsimple Lie group without compact factors is not a Morse 
subgroup, it is not easy to check its regularity. However fortunately there is 
a tool to check the regularity of T in the case of PGL(3, K). Throughout this 
section, denote PGL(3,M) by G for simplicity. Embed G into P(End(M 3 )) 
and then define G to be the closure of G in P(End(M 3 )). Then G is a com- 
pactification of G. Note that the rank of any matrix on the boundary dG of 
G is either 1 or 2. We say that a sequence ( g k ) of G is a rank 1 sequence if 
(g k ) converges to a matrix of rank 1 in G. Similarly a sequence in G is said 
to be a rank 2 sequence if it converges to a matrix of rank 2 in G. 

Lemma 5.1. A discrete subgroup T o/PGL(3,M) is (J mo d-regular if and only 
if there are no rank 2 sequences in T. 

Proof. Assume that T is c mo d-regular. As explained in Section I!h3l if we nor¬ 
malize K to be the stabilizer group of x and write the Cartan decomposition 
as G = KA + K, then d\{x,px) can be identified with the Cartan projection 
p,{p) £ a + for 7 £ T. Given a sequence (qfc) —>• 00 in T, the sequence gip/ k ) of 
the Cartan projections of q^.’s is a m 0 ( i-regular. This means that if we write 
pipk) = ( a k ,b k ,c k ) with a k > b k > c k , then 

lim ( a k - b k ) = lim {b k - c k ) = 00 

k —^00 k —^00 

since the difference of the coordinates are distances from the walls of the Weyl 
chamber. The Cartan decomposition of p k is written as p k = s k e^ k ^t k for 
some s k ,t k £ K. Then since s k ,t k £ K, one can pass to a subsequence so 
that s k —>• s 0 o, t k —>• too £ K. From this, it immediately follows that 

lim e~ ak s^p k t^ 

k—yoo 

converges to a rank 1 matrix and hence ( 7 *,) is a rank 1 sequence. 

Conversely assume that T is not <r mo d-regular. Then there exists a se¬ 
quence ( 7 ^) in T such that (a k — b k ) is uniformly bounded. By the same 
reasoning as above, we can see that e~ ak p k converges to a matrix of rank 2 . 
Hence the converse direction is proved. □ 

We learned Lemma 15.11 from M. Kapovich during his visit to KIAS. Be¬ 
fore we prove the regularities of convex projective structures, we recall the 
following fact due to Benzecri [2] a half century ago. 

Theorem 5.2. Let Q be a properly convex domain in MP n . Suppose that 
a sequence (g k ) in Aut(Ll) converges to a projective transformation g^ in 
P(End(lR 71+1 )). Then goo{Ll) is a face F on dPl and the range of goo is the 
subspace generated by F. For any compact set Z in the complement of the 
kernel of goo, g k {Z ) uniformly converges to goo{Z). Furthermore the kernel 
of goo has empty intersection with fh 

Now we give a proof for the a m 0 ( 2 -regularities of convex projective struc¬ 
tures. 

Proposition 5.3. Let £ be a compact, oriented surface with (possible) bound¬ 
ary and negative Euler number. Let p : 77 (£) —» PGL(3,M) be the holonomy 
of a convex projective structure on the interior of E. Then p is a mo d-regular. 
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Proof. For any such a holonomy representation p : 717 (£) —> PGL(3,M), let 
H be an invariant domain. Let {p/ n ) be an infinite sequence in p( 7 Ti(£)) which 
converges to 7 oo in P(End(M 3 )). Then due to Theorem 15.21 7 oo(H) is a face 
on <9H. If there are no 1-dimensional faces on <9fi, 700 (H) must be a point on 
<9fi. Then we are done. Hence we suppose that <9fi has 1-dimensional faces 
and 700 (H) is a 1-dimensional face F on <9fi. Note that F must be equal to 
some conjugate image of the axis of p(b) for some boundary component b of 
£ and moreover p(b ) is either hyperbolic or quasi-hyperbolic. Let 7 be the 
(quasi)-hyperbolic isometry translating along F. 

Choose a connected compact subset C of fi with nonempty interior. Since 
C is a Zariski-dense subset of MP 2 , it suffices to show that 7 n {C) converges to 
a point on <9H due to Lemma 15.11 or Corollary 16.31 According to Benzecri’s 
theorem, C is contained in the complement of the kernel of 7 ^ and thus 
7 n (C) uniformly converges to 7 00(C). Clearly, 

7oo(C) C 700(H) = F. 

Then we claim that 700 (C) cannot contain any interior point of F. If 700 (C) 
contains an interior point of F, there exists a point p of C such that 7 ^ (p) 
is an interior point of F. On the other hand 7 n (p) converges to the interior 
point of F, 7 oo(p)- However this is impossible since any orbit of p under 
the action of p( 7 Ti(£)) can never converge to any interior point of F by 
considering the action of 7 on F. For if D is a fundamental domain of 
p( 7 Ti(£)) whose one end is a segment of F containing 7 c 0 (p), then 7 n (p) 
can be contained in D only once. Hence 7 n (p) cannot converge to 7oo (p)- 
Therefore 7 oo (C) can only contain two endpoints of F. Since C is connected, 
7oo(C) must be only one endpoint of F, which completes the proof. □ 

Remark 5.4. Note that the proof of Proposition 15.31 works for strictly convex 
real projective structures of finite Hilbert volume. Hence the holonomies 
of convex projective structures of finite Hilbert volume on a surface, which 
are positive representations, are (J mo d- regular. Even for a parabolic element 
7 , ( 7 ^) is ( 7 mo rf-regular. See Lemma 18.11 But the orbit T PtX (j k ) is not a 
quasigeodesic in X even though it converges to a regular point in dooX. 

Question. Let p : 717 (£) —>• PGL(3,M) be a holonomy representation of 
a convex projective structure on £. Then does the geometric limit set of 
p(7Ti(£)) on d^X contain only regular points? 

This question is related to the uniform regularity of p( 7 Ti(£)), i.e, existence 
of 0 C (Jmod such that for any > 00 in p( 7 Ti(£)), 7n(^o) is ©-regular for 
some fixed base point xq E X. We answer this question in the affirmative 
for positive representations in the last section. 

5.2. Proof of Theorem 11.21 Let £1 be a compact surface with one bound¬ 
ary component. Let T = 7 Ti(£i) and p : T —>• PGL(3,M) be the holonomy 
of a convex projective structure on £j. Then p(T) is a discrete subgroup of 
PGL(3,M) acting on a convex domain H in MP 2 properly and freely. Fur¬ 
thermore it admits a p-equivariant continuous map £ : (9ooP —>• Flag(<Anod)- 
Note that p( 7 ) is hyperbolic for any non-peripheral loop 7 € T and p(c) 
is either hyperbolic or quasi-hyperbolic or parabolic for a peripheral loop 
c. When p(c) is hyperbolic, £ is a p-equivariant, antipodal homeomorphism 
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and thus p is an Anosov representation. When p(c ) is quasi-hyperbolic, £ is 
a p-equivariant homeomorphism but not antipodal as explained just before 
Section ECU When p(c) is parabolic, as well-known, p is a positive represen¬ 
tation. We will show that p is primitive stable in either case. 

We apply Proposition 13.21 to our situation. First, every primitive word is 
hyperbolic for any convex projective structure on Si since the word corre¬ 
sponding to one boundary component is not primitive. Hence (i) in Propo¬ 
sition 13.21 follows. Also (iii) in Proposition 13.21 immediately follows from 
Proposition 15.31 It only remains to prove (ii) in Proposition 13.21 A proof 
of (ii) for p is exactly the same as proving Theorem 17.21 later. Theorem 17.21 
deals with more general situation. To avoid repeating proofs, we do not give 
a proof here. See the proof of Theorem 17.21 for a proof of (ii). By Proposi¬ 
tion [321 holonomy representations of convex projective structures on Si are 
0 >nod-P r i m itive stable. 

Remark 5.5. Note that the holonomies of convex projective structures on 
a surface fall into three types: Anosov representation, Positive representa¬ 
tion and Quasi-hyperbolic representation. Here a quasi-hyperbolic repre¬ 
sentation means a holonomy with a quasi-hyperbolic element. Such quasi- 
hyperbolic representations are neither Anosov nor positive representations. 
Each quasi-hyperbolic representation p admits a p-equivariant homeomor¬ 
phism £ : 5 00 7 Ti(E) —>• Flag(ir mo d) but it is not antipodal. Nonetheless it is 
^mod-primitive stable. 


6. Regularity and Grassmannians 

In order to deal with a more general Lie group PGL(ra,M), we will look 
at the actions of egular and singular sequences of elements of PGL(n,M) on 
Grassmannians. 


6.1. Compound matrices. Let 7" denote the set of strictly increasing se¬ 
quences of r integers in {1,..., n}. Let A be an n x m real matrix. Then for 
each i € 7” and j € 7" 1 , define the r x r submatrix A[i, j] of A as 


A[i,j] = A 


jli •• • 5 jr 


( a ik,jl ) 


r r 
k=ll=V 


Namely, A[i, j] is the submatrix of A determined by the rows indexed i \,..., i r 
and columns indexed ji,...,j r - The rth compound m.atrix of A is defined 
as the (”) x (™) matrix with entries 

(det A[i, j])ig/™ ! jg/m 

and is denoted by C r {A) where index sets are arranged in lexicographic order. 
For annxm matrix A and mxk matrix B, it follows from the Cauchy-Binet 
formula that 

C r (AB) = C r (A)C r {B) 

for each r < min{n, m, k}. 
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6.2. Grassmannians and Pliicker coordinates. The Grassmannian is 
defined as the set of r-dimensional subspaces of the vector space R n and it is 
denoted by G(n,r). The Grassmannian G(n,r ) is described as a subvariety 
of projective space via the Pliicker embedding : G(n, r ) —>• P(A r R n ) which 
is defined by 

Span(ni,..., v r ) i-A [f i A • • • A v r \. 

It is well known that the Pliicker embedding is a well-defined map and its 
image is closed. Indeed it is a subvariety. Let (ei,... ,e n ) be the canonical 
ordered basis for W 1 . Then for any element of a; € G(n, r ), ip(uj) has a unique 
representation in the form of 

V>(w) = ^ aiei= ^ a h,...,i r ( e ii A • • • A ej r ). 

i €/" l<ii<—<i r <n 

The homogeneous coordinates [ai] are called the Pliicker coordinates on 
P(A r R") for u G G(n,r). 

Now we will look at the action of PGL n R on P(A r R n ) via the Pliicker 
coordinates. A matrix A G PGL n R defines a map / A : P(A T 'R ri ) —> P(A r R n ) 
by 


/A ^2 fl i e i = X] a ^( e i) = X] a ii,...,ir( Ae h A • • • A Ae ir ). 

\i el” ) i elp l<h<-<ir<n 

By the definition of Ja, we have that for any v±,... ,v r € R n , 
f A {v i A • • • A v r ) = Av i A • • • A An r . 

To look at this in terms of the Pliicker coordinates, let B be the nxr matrix 
with column vectors v\,... ,v r . Then the Pliicker coordinate a\ for iqA- • -Av r 
is the r x r minor of B obtained by taking all r columns and the r rows with 
indices in i G P r l ■ In other words, the rth compound matrix C r (B ) of B is 
exactly the Pliicker coordinates for v\ A • • • A v r . In a similar way, it can be 
seen that the rth compound matrix C r (AB ) is the Pliicker coordinates for 
Av i A • • • A Av r . It follows from the Cauchy-Binet formula that 

C r (AB) = C r (A)C r (B). 

Hence we have that 


fA 



J2 ( J2 A &- 

i ei? \jei” 


ei 


where A(i,j) denotes the determinant of A[i,j], In conclusion f A is the 
projecitve linear transformation of P(A r M T1 ) that is represented by C r (A). 


6.3. Dynamics of cr mo ,i-regular sequences on Grassmannians. Let ( 7 ^) 
be a (J mo rf-regular sequence in PGL(n,R). We want to see the dynamics of 
regular sequences on Grassmannians. For simplicity, we first assume that 
7 ^ = Diag(A fc ,i,..., \k, n ) with A fc ,i > • • • > A k , n > 0 for each k. The cr mod - 
regularity of ( 7 ^) implies that 

lim ±1 = 0 

k—yoo A/c i 


( 3 ) 
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for alH = 1,..., n— 1. As described before, the action of 7 /. on G(n, r) is the 
projective linear transformation of P(A r M n ) with matrix C r {pik)- Since each 
7 *. is a diagonal matrix, it can be easily seen that its rth compound matrix 
Crip/k) is also a diagonal matrix for any r = 1,..., n. More precisely, 


Ik ■ 1 ^2 aiei = j) a J I e i = ^2 Afc l a i e i- 

yiG/" / ie/" \j £l? J i G/™ 

Here A fcji = X kth • • • X kjir for i = (i 1 ,..., i r ) € 

Let ii = (1,..., r). Then it is not difficult to see that for any ii 7 ^ i € /” 


lim ——- = 0 . 

k —>00 Afc 


This implies that if aq 7 ^ 0, 


lim 7 ^ 
k—> 00 


^2 °i e i 

= 

^ ^ ^k, i^i^i 

= 

ieij? 





Ea 

ie/; 




fc,il 


■®i^i 


= LeiJ 


where [v] denotes the point of P(A r M n ) corresponding to v € A r M n . 

Proposition 6.1. Let (7^.) be a a mo d-regular sequence in PGL(n,M). Then 
there exists a subsequence (7 nk ) such that for each 0 < r < n, there is a 
hyperplane H~ o/P(A r M n ) such that on the complement of H~ the sequence 
of maps ( 7 nk ) converges pointwise to the constant map. 

Proof. Due to the Cartan decomposition of PGL(n, M), each 7 ^ can be writ¬ 
ten as 7 fc = s k a k t k for some s k ,t k € K and a k € expa + . By passing to a 
subsequence, we may assume that s k and t k converge to s Q 0 and too in K 
respectively. For each 0 < r < n, we put H~ = tf} (H\) where H\ is the 
hyperplane of P(A r M n ) corresponding to aq = 0 in the Pliicker coordinates. 
Then it can be easily shown that for every point u> H~, 


k —^OO 

This implies the proposition. 


lim 7 fc • lo = [sooDJ- 


□ 


We now look at the case that a sequence ( 7 ^) is not (T mo ^-regular. For 
simplicity, as before, we assume that every 7 *. is a diagonal matrix given by 
Diag(Afc ) i,..., Xk,n) with A71 > ■■■ > A k>n > 0 for each k. If a sequence 
( 7 ^) is not C 7 m 0 ( i-regular, then for some 0 < rq < n, the property of Q fails. 
Namely, 

/ ^fc,ro+l 


(4) 


lim 

k—>00 


^k. 


= C 


r 0 


for some 0 < c < 1. We may assume that tq is the smallest number for which 
m fails. Looking at the action of 7 \ on P(A r °M n ), 


lim 


X k,i 2 _ i- X k,r 0 - l-l 


= c 


- = lim 

k —>00 Ak ^ k—yoo A/a ro 

where ii = ( 1 ,..., r 0 ) and i 2 = ( 1 ,..., r 0 - 1 , r 0 + 1 ) 
Due to c 7 ^ 0, if 


lim 7 *; ■ wr = lim 7 ^ 

k—> 00 k—> 00 


CU 2 
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for uji,u }2 £ P(A r °K n )\-£/i, then oj± and uj 2 must be contained in a hyperplane 
of P(A r °R n ) for which the ratio of the aj 2 -coordinate to the aq-coordinate is 
constant. In summary we have the following proposition. 

Proposition 6.2. Let (7*.) be a sequence in PGL(n,R). Suppose that for 
each 0 < r < n, there exists a frame of A r R n such that the sequence of maps 
7 k sends all elements of the frame to one point in P(A r R n ). Then (7*.) is 
(J mod-regular. 

Proof. Let 7^ = s^a^tk be the Cartan decomposition of 7By passing to a 
subsequence, we assume that sk and i*. converge to s 0 0 and t^ respectively. 
Assume that (7*.) is not (J m .od- regular. Then from the observation above, 
there is a number 0 < ro < n such that J3J) fails. If 

lim 7 k-vi= lim 7* • lo 2 

k—} OO k—} OO 

for ui,U 2 E P(A r °R”) \ H ~, it is not difficult to show that toc(^’i) and 
too(eo 2 ) must be contained in a hyperplane of P(A r °R n ). This implies that 
any frame of A r °R n can never converge to one point in P(A r R n ). This makes 
a contradiction to the assumption. Therefore (7*.) with the property in the 
proposition must be <7 mo d-regular. □ 

Proposition 16.21 provides a tool to prove the (T moa i-regularity of a sequence. 
This will be useful in proving the ^mod-regularities of positive representa¬ 
tions. Note that in order to apply Proposition 16.21 to a sequence, we need 
information about the action of a sequence on each projective space P(A r R n ). 
Furthermore it is possible to prove the (j mo rf-regularity of a sequence only 
with information about the action of a sequence on each Grassmannian as 
follows. 

Corollary 6.3. Let (%) be a sequence in PGL(n,R). Suppose that for 
each 0 < r < n, there exists a Zariski-dense subset of G(n, r) such that 
the sequence of maps 7 converges to a constant map on the Zariski-dense 
subset. Then (7*.) is a mo d-regular. 

Proof. We think of G(n, r) as a subvariety of P(A r R n ) via the Pliicker coordi¬ 
nates. Clearly, the action of PGL(n, R) on P(A r R n ) preserves the subvariety 
G(n,r). Suppose that (7^) is not (T mo ^-regular. Then for some 0 < ro < n, 
the property (J4]) holds. Let H y be a hyperplane of P(A r °R n ) for which the ra¬ 
tio of the ai 2 -coordinate to the aq-coordinate is y G R. It is easy to see that 
G(n, ro)nH y is a subvariety of G(n. ro) with codimension 1. Let 7*, = Ska^t^ 
be the Cartan decomposition of 7^. Assume that s & and converge to s Q0 
and too respectively. If 


lim 7 fc • u\ = lim 7 k • uq 

k—> 00 k—> 00 

for ui,U 2 E G(n,ro), then oj± and uj 2 must be contained in the subvariety 
t" 1 • (G(n, ro) FI H y ) = G(n, ro) n tf^ ■ H y of G(n, ro) for some y € R. This 
means that any Zariski-dense subset of G(n, ro) can never converge to one 
point in G(n,ro). This implies the Corollary. □ 
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7. Positive representations 

In this section we will give a proof for Theorem II.31 and II.51 Given a posi¬ 
tive representation p : n\ (E) —» PGL(n,M), it admits a positive p-equivariant 
continuous map £ : 3 oo 7 Ti(E) — > Flag (<J mo d)- 


Proposition 7.1. Every positive representation of a compact, oriented sur¬ 
face (possibly) with boundary is a mo d-regular. 


Proof. Let p : 717 (£) —>• PGL(n,R) be a positive representation for a com¬ 
pact, oriented surface X with (possible) boundary. Let £ : 5 00 7Ti(X) p —>• 
Flag(i 7 mo d) be the positive p-equivariant homeomorphism associated to p for 
some p. Note that £ is a hyperconvex curve. Let (7*.) be an arbitrary se¬ 
quence of elements of T = p(7Ti(X)). Let 7^ and 7^ denote the attracting 
fixed point and repelling fixed point of 7*, on (9 00 7ri(X) p respectively. Assume 
that 7^ and 7^ converge to 7+ and 777 respectively. Note that 7+ and 777 
may be equal. Then on 9 00 7ri(X) p \{7^}, the sequence of maps 7*, converges 
to the constant map, which sends all of 9 0O 7ri(X) p \ {777} to 7+,. Since £ is 
hyperconvex, it is possible to choose n points x ±,..., x n on d 00 7Ti(X). p \{7^} 
so that {£ 1 (.ti), ... ,£ 1 (.'c n )} is a frame of M n . Then for each 0 < r < n, the 
set 

B r = {£ 1 (®ii) A • • • A £ 1 (xj r ) | 1 < i± < ■ ■ ■ < i r < n} 
is a basis for A r M ?l . Noting that for any 1 < i < n, 

lim 7 k -Xi = 7+ 
k —>00 

and £ is hyperconvex, it follows from the property (HD of hyperconvex Frenet 
curves that 


lim 

k—foo 


©7 fc -C 1 ^) 

3= 1 


= lim 

k —^OO 


©£ X (7fc ' x ij) 

3 = 1 




In other words, the sequence of maps 7*, sends all elements of B r to one point 
£ r (7+) for each 0 < r < n. By Proposition 16.21 it immediately follows that 
(7^) is cr mo d- regular. This completes the proof. □ 


Proposition 17.11 implies that every positive representation satisfies (iii) in 
Proposition 13.21 Furthermore it is well known that for any positive represen¬ 
tation, its monodromy around any non-trivial non-boundary loop is positive 
hyperbolic (see [D, Theorem 1.9]). Hence (i) in Proposition 13.21 also holds 
for every positive representation. To verify that a positive representation is 
<7 mo d-primitive stable, it only remains to check that (ii) in Proposition 13.21 
holds. 


Theorem 7.2. Every positive representation of a compact oriented surface 
with one boundary component is a mo d-primitive stable. 

Proof. Let £1 be a compact oriented surface with one boundary component. 
Let p : 7Ti(Xi) —>• PGL(n, M) be a positive representation with a continuous 
p-equivariant positive map /3 : <9oo7ri(Xi) —>• Flag(<r mo d). As mentioned 
above, it suffices to prove that (ii) in Proposition 13.21 holds. 
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Let V e be the subset of V of bi-infinite geodesics q : Z —>• tt\ (S i ) with 
q( 0) = e. Then we claim that there exists a uniform constant D = D(p,x) 
such that 

dx(x,F(Z(q-M(q+)))<D 

for all q £ V e where T (cr+, cr_) is the unique maximal flat connecting two 
opposite flags a+ and <r_ in Flag(< 7 mo d). Once the claim is proved, we will 
be done. To see why, for an arbitrary bi-infinite geodesic q : Z —J 7 Ti(Si) 
in V with ideal endpoints q± € 9 00 7 Ti(Si), consider the /c-shifting of the 
parametrization of q, denoted by q[k] : Z —> 7 Ti(Si), for each k € Z, defined 
by <l[k\(i) = q(k + i ) for i € Z. Noting that q{k)~ l ■ q[k\ : 7L -A- 7 Ti(Si) is an 
element of V ei we have 

dx(q(k)x, -F(£(g _ ),£(g + ))) = J r (^(g(fc) _ 1 g _ ),^(g(fc)" ;L 7 + ))) < £> 

for every fc € Z. This implies the lemma. 

Now it remains to prove the claim. Suppose that the claim dose not hold. 
Then there exists a sequence (q n : Z —>• 717 (Si)) of bi-infinite geodesics of V e 
such that 

dx(x,J r (£{qn),€(qn))) -^ooasn->oo. 

Due to the compactness of 9 oo7Ti(Ei), we can assume that q± —> q ^ as n —J 
oo. Let iSoo(Si) be the set of endpoints of the preimages of one boundary 
curve in the Cayley graph of 717 (Si). Since ( q n ) is a family of geodesics 
with g n (0) = e, one can apply Arzela-Ascoli theorem to (q n ). By passing 
to a subsequence, we may assume that q n converges to a bi-infinite geodesic 
q Q0 with goo(0) = e. Furthermore should be the endpoints of q^. This 
implies that they are distinct. 

If one of is in £>oo(Ei), this means that a sequence of primitive ele¬ 
ments corresponding to q n winds more and more around the one boundary 
component of Si. Minsky |20| showed that this never happen due to the 
blocking property of the one boundary component of Si. For this reason, it 
follows that 5 ^ ^ 1800 (Si). 

The p-equivariant continuous map £ : 9 00 7 Ti(Si) —>• Flag(cr mo d) is a one- 
to-one map on the complement of 8 00 (Si). Since are distinct and 
qta i 1 1300 (Si), the sequence of maximal flats X(£(q~), £(< 3 ^))) converges 
to a maximal flat X{f{qf x f),f{qf 0 ))) and thus 

d x (x,J r ^{q~),^{q^))) -7 d x (x, .F(£(g«), £(?£,))) as n -A 00 . 

This contradicts the assumption that dx(x,J 7 (^(q~),^(q^))) -A 00 as n —>• 
00 . Therefore the theorem holds. □ 

8. Geometric limit set of convex projective structures on 

SURFACE 

Let p : 7 Ti(S) —t SL(3,R) be a holonomy representation of a finite volume 
convex projective structure on a compact surface S with boundary. For 
parabolic element 7 € p( 7 Ti(S)), it turns out that for any xq € X, q n Xo 
converges to a barycenter of a Weyl chamber at infinity where X is the 
symmetric space associated to SL(3,K) 

Lemma 8.1. If j is parabolic, then j n Xo converges to a barycenter. 


19 


Proof. Let 



'l 

1 

o' 


'l 

1 

1' 

7o = 

0 

1 

1 

> 71 = 

0 

1 

2 


0 

0 

1 


0 

0 

1 


According to [T 9 ] , any parabolic isometry 7 is conjugate to 70. Since 70 is 
conjugate to 71, there exists an element g € SL( 3 ,M) such that 7 = 57i<7 _1 . 
We can compute the Cartan projection 77(7”) € a + by finding the eigenvalues 
of 7”(7™)*. A straightforward computation shows that 7i'(7i') 4 has three 
distinct eigenvalues a, l,a _1 where a is a solution of the equation 

x 2 — (n 4 + 5 n 2 + 2 )x + 1 = 0 . 


This implies that 77(7”) exactly points to the barycenter of the positive 
Weyl chamber ci + . Noting that 


WK 919293 ) - ^(52)11 < \\p(gi)\\ + ll+(53)ll 

for any 5 i,52)<?3 € SL( 3 , M) in [T 3 ~ . Lemma 2 . 3 ], we have 

( 5 ) \Hi n )~M)\\ = Mailg- 1 ) - ^)\\ 

(6) < Mg)\\ + Mg- 1 )\\=2Mg)\\. 

Since every 77(7™) points to the barycenter as seen before, +(7"') converges 
to a barycenter. This completes the proof. □ 


Let 12 be a strictly convex domain with C 1 boundary equipped with a 
Hilbert metric. There is a notion of parallel transport T 4 due to Foulon 
mm- The parallel Lyapunov exponent of v € T X Q along </>*( x , [i^]) is defined 
to be 

V((x,[ip]),v) = lim 7 log F(T 4 (n)). 

t—>• OO t 

Then a point w = (x,[i/j]) € HQ is regular if and only if there exists a 
decomposition 

T X Q = Ri// ® E 0 (w) ® (®i = iEi(w)) ® E p+ i(w), 
and real numbers 


-1 = 770(10) < 771(70) < • • • < r] p (w) < g p+1 = 1, 
such that for any 77 € Ei \ {0}, 


and 


lirn - log F(T^(vi)) = rn(w), 

t —>±00 t 


^ p+i 

lim - log IdetT 4 1 = > 6\mEAw)r]i{w). 

t —>±00 t J 


i =0 


The Lyapunov exponents have to do with the convexity of the boundary 
of Q. For 2 -dimensional Q. the boundary dQ can be written as the graph of 
a convex function /. Such a function / is said to be approximately a-regular 
for an a G [ 1 ,00], if 

log 

lim-—- = a. 

t ->0 log |/| 

This quantity is invariant under affine and projective transformations. Ap¬ 
proximately a-regular means that the function behaves like |t|" near the 
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origin. The case a = oo means that the boundary point belongs to a flat 
segment. 

Let £ € dQ. Let w = (x, [ip]) E HQ = TQ \ {0}/R?j_ be regular such that 
ip( oo) = £. Let TL W be a horocycle based at £ and passing through x. It is 
shown in [3. Proposition 3.4.9] that for any v(w) E T x Hw, 


( 7 ) 


r](w, v(w)) 


2 

a(£) 


Suppose 7 is a hyperbolic isometry whose eigenvalues are Ai > A 2 > A 3 . 
Then it is shown in Section 3.6 of [3] that 

log J 1 

rj{w,v(w)) = -1 + 2--g-, 

l°g^ 


hence 


( 8 ) 


«(7 + ) 1 




Here w = (x, [</>]), 4>(oo) = 7 + and v(w) € T X H W . 


Proof of Theorem \1 ,f\ Let X be an orientable, connected, compact surface 
with boundary and p : vri(S) —>• SL(3, M) be a positive representation. If p is 
an Anosov representation, it is clear that p is uniformly < 7 mo d-regular. Hence 
we assume that p is not an Anosov representation. Then p is a holonomy rep¬ 
resentation of a strictly convex projective structure of finite Hilbert volume 
on X (See [5j). Let SI be a strictly convex domain invariant under p. Then 
dQ is C 1 . Since S4 is strictly convex, and a : dQ —>• [1, 00 ] is continuous, it is 
bounded above. Hence there exists K such that a(x) < K for any x € dQ. 

Let 7 be a hyperbolic isometry with eigenvalues Ai > A 2 > A 3 and, the 
attracting fixed point 7 + E dOl and the repelling fixed point 7“ E dQ. By 


©, 


«( 7 + ) 


'“Eli 


< K. 


Considering 7 \ we also obtain 


«(7 ) 


iogyf 


< K. 


Puting that x = logAi — log A 2 and y = logA 2 — log A 3 , the positive Weyl 
chamber a + is identified with {(x, y) E R 2 | x > 0 and y > 0}. Then it holds 
that 


At 1 < K and At I < K. 


From these inequalities, we have that 


2 K >2 + -—Y — >4 and thus K > 2. 

y x 


Furthermore, 


(.K — 1) 1 x < y < (K — l)x. 

It is derived from the above inequality and Lemma 18.11 that p is uniformly 
Vmod- regular. □ 
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Theorem 11.41 implies that the set of directions in the limit cone C of any 
positive representation in SL(3,M) is a compact subset inside the interior of 
a mod- Recall that the limit cone of a discrete subgroup T of a semisimple 
Lie group is defined as the smallest closed cone in a + containing the image 
of the Lyapunov projection A : T —>• a + which is induced by the Jordan 
decomposition. Benoist jTJ showed that if T is Zariski-dense, its limit cone 
is convex and invariant under the opposite involution of a m od- Moreover the 
geometric limit set of T in any Weyl chamber at infinity, if nonempty, is 
naturally identified with the set of directions in £r- 

To classify the geometric limit sets of holonomies of convex projective 
structures, we now deal with the holonomies with quasi-hyperbolic elements. 

Lemma 8.2. If p has a quasi-hyperbolic element, then its limit cone is a + . 

Proof. Recall that 7 is conjugate to 

a 1 0 

0 a 0 
0 0/3 

Noting that the Jordan decomposition of the above matrix is 


a 

0 

O' 


'l 

a 

o' 

0 

a 

0 


0 

1 

0 

0 

0 



0 

0 

1 


the Lyapunov projection A(y) of 7 points to a singular direction in u mo d- 
Since the limit cone is convex and invariant under the opposite involution, 
it can be easily shown that C = a + . □ 


where a, f 3 > 0 , a 2 /3 = 1 
’ and a, /3 7 ^ 1. 


In accordance with Proposition 15.31 and Lemma 18.21 one can notice that 
the orbit of a quasi-hyperbolice element is <7 mo d~regular but converges to a 
singular direction as follows. Let 7 be a quasi-hyperbolic matrix in SL(3,M). 
As mentionsed above, we may assume that 


where a ,/3 > 0 , a 2 j5 = 
and a, /3 7 ^ 1 


By a straight computation, the Cartan projection of 7 is written as 
/r( 7 n ) = ^(ln/(n) — ln2, In2 + 4nlna — ln/(n), —4nlna), 


where f(n) = n 2 a 2n ~ 2 + 2a 2n + \/n A a in ~ A + 4n 2 a 4n ~ 2 . One can check that 
the distance between the sequence (t L ('y n )) and any wall in a + goes to infinity. 
Hence is < 7 m 0 ( i-regular. To find where the sequence converges, let 9 n be the 
angle between p-iln) an d the singular line x = y on the plane x + y + z = 0 . 
Then we have that 

„ In f(n) — 2 n In a — In 2 

tan 9 n = n -. 

2\/3n In a 

Furthermore by a computation, it can be verified that 


lim 

71—>00 


hi f(n) 


2 In a. 


n 
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Therefore it is derived that 

lim tan 6 n = 0 and thus lim Q n = 0 . 

n—> oo n—> oo 

This implies that the sequence {p{ 7 n )) converges to a singular point at in¬ 
finity. 

Corollary 8.3. Let T, be a compact, oriented, surface with (possibly) bound¬ 
ary and negative Euler number. Let p : 7Ti(S) —> SL(3, K) be a holonom.y of 
a convex projective structure on X. Then the following holds. 

(i) If p dose not have any quasi-hyperbolic element, there exists a com.- 
pact subset I of ost(<T mo ^) such that the geometric limit set of p in 
any Weyl chamber at infinity, if nonempty, is identified with I. 

(ii) If p has a quasi-hyperbolic element, the geometric limit set of p in 
any Weyl chamber at infinity, if nonempty, is identified with cr mo d- 
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